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Predictive ability of QCD sum rules for excited baryons
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The masses of octet baryons are calculated by the method of QCD sum rules. Using generalized interpolat-
ing fields, three independent sets of QCD sum rules are derived which allow the extraction of lowtying
states with spin-parity 1/2, 1/2- and 3/2- in both the non-strange and strange channels. The predictive ability
of the sum rules is examined by a Monte Carlo based analysis procedure in which the three phenomenological
parametergmass, coupling, thresholdre treated as free parameters simultaneously. Realistic uncertainties in
these parameters are obtained by simultaneously exploring all uncertainties in the QCD input parameters.
Those sum rules with good predictive power are identified and their predictions are compared with experiment
where available.
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[. INTRODUCTION in the operator product expansig®@PE. One advantage of
the method is that it provides a physically transparent view

The QCD sum rules methofdl] is a time-honored ap- of how hadrons arise from QCD via the vacuum conden-
proach in revealing a direct connection between hadron pheéates. One can trace back, term by term, what operators and
nomenology and QCD vacuum structure via a few universahow these operators conspire to give rise to the mass of a
parameters called vacuum condensdt@suum expectation bParyon, and mass splittings among baryons. An example is
values of QCD local operatorsThe most important are the the so-called loffe formula[4], My=(—87?(qq))'?
qguark condensate, the mixed condensate and the gluon cos0.97 GeV, which is an over-simplified result by keeping
densate. The method has been successfully applied to a vanly the leading order contributions in the nucleon QCD sum
riety of problems to gain a non-perturbative understandingules. It nonetheless gives a nucleon mass not too far from
into the structure of hadror($or a review of the early work, the observed value and a direct link to the quark condensate,
see Ref[2]), and continues to be an active figl8l. the order parameter of spontaneous chiral symmetry break-

The use of QCD sum rules to study baryon masses starteédg of QCD. In general, the reliability of such predictions
not long after the method was introduced. Early works in-should be checked by including all terms and by careful
clude Refs[4-8,2,9,10in which a variety of baryons were analysis. But the insight is valuable in understanding hadron
studied in the approach. The success of this somewhat ustructure.
conventional method in predicting hadron properties has his- To make the QCD sum rules method a useful tool in prob-
torically given us a unique perspective on hadron structureing the N* structure, a key question is how much predictive
compared to other conventional views, like the phenomenopower the method has. Within the limitations of the method,
logically successful constituent quark model. the question is sum-rule dependent because all QCD sum

In recent years there has been an increasing desire to urules are not equal, as the examples will show in this work. It
derstand the structure of baryons directly from QCD, thedepends on the type of correlation functions and the tensor
fundamental theory of the strong interaction. In particular, arstructure from which a sum rule is constructed because the
increased focus has been put N physics, the study of OPE usually has different convergence properties at each
excited state baryons. After all, most of the observed baryostructure. The main goal of this work is to examine the pre-
spectrum under about 2 GeV can be considered as sonukctive ability of the QCD sum rule approach in its standard
excitation of the ground-state nucleon. On the experimentamplementation, using the octet baryons as examples. A simi-
side, the field has been fueled by the high-quality data comlar study has been done for the decuplet banjdd§ In our
ing from the Jefferson Laboratory and other acceleratorsview, such a study is useful in a number of ways.
QCD is very difficult to solve in the low-energy regime.  First, we find the existing works on these baryons are
While lattice QCD, which solves QCD with controlled sys- incomplete and sometimes inconsistent in a number of areas,
tematic errors on a discrete space-time lattice by numericauch as the interpolating fields, number of terms included in
simulations, holds the key to ultimately unraveling the had-the OPE, the anomalous dimension corrections, the con-
ron structure, its results are still hard to obtain. On the othetinuum model, and the treatment of strange baryons. A pe-
hand, the QCD sum rule method can serve as a complemenisal of these works sometimes reveals discrepancies among
to lattice QCD based on the qualifications that it has closeghe QCD sum rules where comparisons are possible. There-
contact with the basic premise of QCD, and has minimafore, before we move to the issue of predictive power, we
model dependence with well-understood limitations inherenheed a set of sum rules as complete as possible. To this end,
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we first derive a complete set of QCD sum rules in order to Assuming an S(2) isospin symmetry in thes and d
independently verify and expand upon existing results. Wejuarks, we consider the most general current of spin 1/2 and
use generalized interpolating fields and three types of corrdsospin 1/2 for the nucleon:

lation functions among them. We study not only the nucleon, N N N

but also the strange members of the octet family. Some of the A X) == 2[ 72 (X) + Bz (X)], 2
sum rules in this work are new. The result is a complete,

updated set of QCD sum rules under one roof for octet baryWwhere

ons in the standard implementation of the approddhsum

rules for each of th&,3,= andA channelswhich encom- 71 (X) = € TutT(x) Cysd°(x) Ju*(x), &)
pass the existing sum rules as special cases. We consistentlx d

include operators up to dimension 8, first order strange quar

mass corrections, flavor symmetry breaking of the strange N/y\_ .abqaT b c

qguark condensates, anomalous dimension corrections, pos- 7200 = €U 00 CA 00 JysU™(x). @

sible factorization violation of the four-quark condensate,ygreC is the charge conjugation operator, the supersdript
and a pole plus continuum model. _ _ means transpose, anrg,. makes it color singlet. The real
Second, it concerns how to extract a physical quantityyarameters allows for the mixture of the two independent
from sum rules and how reliable it is. Usually there is con-q,rents. The choice advocated by I8 and often used in
siderable freedom in how the analysis is done regarding thQCD sum rules studies corresponds@s — 1. In this work
Borel mass window, the modeling of the continuum, and thgpe freedom to vang is exploited to achieve maximal over-
treatment of the fit parameters, each of which has some imz, \ith the state in question for a particular sum rule. It

pact on the outcome. In the past, often an error is assigned {f,yes an effective tool to saturate a sum rule either by
a quantity without the support of rigorous error analysis. A

L . R]ositive- or by negative-parity states.
quantitative tool is needed to treat these degrees of freedom |, ihe following we write down the interpolating fields for

as complete as possible. This was first addressed by LeinWgsa other members of the octet, omitting the explaitepen-
ber[10] who introduced a Monte Carlo based procedure thaHence. Fo> we consider

incorporates all uncertainties in the QCD input parameters
simultaneously, and maps them into uncertainties in the phe- ;== _ 2 €ab4 (4aTC yssP) U+ B(URTC L) y5u®],  (5)
nomenological parameters, with careful regard to OPE con-
vergence and ground state dominance. We will apply thisand for =
procedure in the current work. _

Third, the study will aid in the application of the method 77 =—2€P(s*TCysuP)st+ B(sATCUP) yss°].  (6)
to matrix elements ofN* (three-point functions such as ) o )
magnetic moments, transition moments, axial charges, tensfor the A, there is the possibility of octet or flavor-singlet
charges, etc., because they utilize the two-point function aguantum numbers. We consider three types of interpolating
normalization. fields for theA: the octetA,

The paper is organized as follows. In Sec. Il the interpo-
lating fields are introduced, followed by a complete listing of Ao—2 \ﬁeabc{[z(uaTC d®)sC+ (U2TC yesP)d®
all the derived sum rules divided into three groups. Section 6 s s
Il discusses the analysis procedure and all the results. Sec- - b T b
tion IV gives the concluding remarks. — (A CysS) U]+ BL2(u* Cd) ys8°
+ (UTCS) y5d®— (dVTCS) y5u°T}, ()
Il. METHOD

. ) ~the flavor singletA,
The basic idea behind the QCD sum rules approach is the

ansatz of duality. That is, it is possible to simultaneously 1
describe a hadron as quarks propagating in the QCD  7”‘s=2 §€abc{[(UaTC)’5db)5°—(Uachssb)dc
vacuum, and as a phenomenological field with the appropri-

ate quantum numbers. In this way, a connection can be es- +(d?TCyss?)uc]+ BL(UBTCd?) yss®
tablished between a description in terms of hadronic degrees aT . aT .
of freedom and one based on the underlying quark and gluon —(UTCs) y5d°+(d*TCS”) y5u°l}, (8)

degrees of freedom governed by QCD.
Hadron masses can be extracted from the time-ordered
two-point correlation function in the QCD vacuum

nd what we refer to as the comman

77AC22\/geabC{[(uaTc,yssb)dc_(daTc,ySSb)UC]
H(p)=if d*x€P (0| T{ (x) 7(0)}|0), (1) ¢ BLUTCS) yodo (7O yot], .

where7 is the interpolating fieldor hadron currentwith the ~ which consists of terms common tg*c and 7"s. Since
guantum numbers of the baryon under consideration. SU(3) flavor is broken by the strange quark, it may be inter-
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esting to investigate such an interpolating field which does (0| 719 1727 pS) =\ 1)~ ysu(p,S), (17

not impose a flavor symmetry of the quarks composing
The normalization in the above octet currefggcluding

for a negative-parity state. Heuds the Dirac spinor with the

ns and »’¢) is chosen so that the correlation functions atnormalization u(p,s)u(p,s)=2Mg, where Mg is the

the quark level coincide with each other under(S)Ulavor

symmetry. This provides a simple check of the calculation.
For spin-3/2 non-strangBl* with isospin 1/2, we con-

sider
N _ _ab T by _p\
773/2#—661 T(ud'Co,d®) o y,uc

—(uTCo U)oy, d°]. (10)

baryon mass.
For the spin-3/2 interpolating field, it is defined by

(0 73/2,413/2" pS) =N 32+, (P,S) (18)
for a positive-parity state, and
(0| 7312,/3/2” pS) =N31- ¥5U,(P,S) (19

It has been known that the ground-state nucleon couples #®r @ negative-parity state. Herg, is a spin vector in the
this interpolating field via its spin-1/2 component. As for the Rarita-Schwinger representation with the normalization

strange members, we consider, for the
77%/2#: Eabc[(uaTCUp)\Sb) of ’Y,MUC
- (uaTC(rpAub) ot Y,.5°1, (11
for the 2,
7735/2‘,41: Eabc[(saTCO-p)\ub) O-p)\ ’yMSC
—(s?TCa,\s?) o y,uc], (12

and again for the three types 4f,
A 1 ab aT, b I C
3= \ g€ T2(u?'Co,\d°) o™ y,s
-i-(u""TCO'p,\Sb)(T"’)‘)/MdC
—(daTCO'p)\Sb)(rp)‘yMuc], (13
Ag 1 ab aT by —p\ c
Tapu= \ 3€ T(ud'Copd®) o y,s
—(uaTCa'p)\Sb)(r”)‘deC
+(d?TCa,\s?) o y,u°], (14)
and
Ac 1 ab aT, by _p\ c
320~ \ 7€ T(u*'Co,)s°) o y,d

—(d?TCa,\s") o y,,U°]. (15)

Uﬂ(p,s)uu(p,s)z—ZMB. In addition, the coupling of a

spin-3/2 current with a spin-1/2 state is defined by

4p
(0| 732,112 ps)= 011/2+(M—;L + v, ] vsu(p,s) (20

for a positive-parity state, and

u(p,s) (21)

- 4p,,
(0] 7312,,1112" pS) = ay - M—B+ Yu

for a negative-parity state. Note thef« are two different
parameters coupling to spin-1/2 states. Knowledge of these
parameters is helpful for three-point calculations in the QCD
sum rule approach, since it enters as normalization.

The QCD sum rules are derived using standard implemen-
tation of the approach. On the QCD sifleonventionally
referred to as the left-hand sideHS)], the correlator in Eq.

(1) is evaluated using the operator-product expan§@iRE).

On the phenomenological sidpor the right hand side
(RH9)], the correlator is populated by intermediate states.
The Borel transform is applied to the momentum-space cor-
relator to simultaneously provide exponential suppression of
excited states and factorial suppression of higher-dimension
operators. Furthermore, a pole plus continuum model is usu-
ally adopted to reduce the number of phenomenological pa-
rameters to three: the ground-state pole maég)( the cur-

rent coupling §2) and the continuum thresholdvj. By
numerically matching both sides of the sum rule over a rea-
sonable window in the Borel mass parameter, these param-
eters are extracted as predictions of the method. Whether a
sum rule is saturated by a positive-parity state or a negative-
parity state can be determined by examining the leading-

This completes the list of all the interpolating fields consid-order terms in the LHS and the sign of the RHS.

ered in this work.

The standard treatment of the QCD side proceeds by in-

A baryon interpolating field excites both the ground stateSerting the explicit forms of the interpolating fields into the
and the excited states with both parities. The ability of anfWo-point function of Eq.(1) and contracting out pairs of
interpo|ating field to annihilate a baryon into the QCD time-ordered quark'ﬂEId operators which are the fU”y inter-

vacuum is described by a phenomenological paramefer
ten referred to as current coupling or pole resjdue is
defined for the spin-1/2 interpolating field by

(0] 712172  ps) =N+ u(p,s), (16)

for a positive-parity state with momentumand spins, and

acting quark propagators of QCD. The result is a so-called
master formula expressed in terms of the quark propagators.
For completeness, all of the master formulas used in this
work are given in the Appendix.

The fully interacting quark propagator can be derived
from the Wick’s theorem for the time-ordered product of two
fermion fields under the usual assumption of vacuum satura-
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SO QS

(a1) (a2) (d3) (d4)
@ < ; ; > FIG. 1. Skeleton diagrams considered in the
Y calculation of the QCD side for a baryon.
(d5) ( d6) (d7) " (ds)

49y (d10) (di1)

tion of the intermediate states of composite operators. The result, which includes operators up to dimension 8 and terms linear
in the quark mass, is explicitly given by

SP (.0 =(Q|T{a()d"(0)}| Q)
2

. b__Ma b L =\ ap, | P by X o b
=5 24 v- X5 — 22772X25a —%mq)b‘a +%mq<qq>fy.xga +ﬁ<qch~Gq>5a

n

A i Dy
(40)(93G%) 6™+ 55— 5(UcGig) (¥ xa P+ 0Py - X)—>

ix? _ . X
- W”"q(QQCU'GQW'Xﬁa ~ Sioge
—x2A2
In(T

1
+27em|(9cGap) o 5 —ﬁmgch'G@%B?

252
i — Nap . X 22\ \ab
+ 583 M09 G (Y X0 upt Tapy X) 5=+ 2355 (G N AN Tap 7 (22)

Since we deal with two independent interpolating fields for A. QCD sum rules: Spin-12 correlator

spin 1/2 and spin 3/2, we consider three possible types of |, {his section we give the QCD sum rules as derived
correlations: the correlator of generalized spin-1/2 current§om the correlator of general spin-1/2 interpolating fields

712 @nd 7715, the mixed correlator of generalized spin-1/2 5, and 5,,,. The phenomenological side of the correlation
currentyy, , = v, Y5712 and spin-3/2 currengg,,, and the  function can be written as
correlator of spin-3/2 currentg,,, and 73, . From the 3

types of correlators, 11 independent sum rules can be con- A2
structed which contain information on the lowing-lying (p)=— 1/22(5i|\/|3)+"', (23
states in the six channelN(Z,Z,A,,Aq,A.) and in the p°—Mg

spin-1/2+ and spin-3/2 sectors. The resulting sum rules _ o
are given in the following sections in sufficient detail so thatwhere the dots denote excited state contributions. The caret

they can be checked by other researchers. notation denoteéz p“vy, . The plus/minus sign corresponds
The quark propagator is then substituted into the mastelo positive/negative parity.

formula to give the LHS of the sum rule. This tedious work  The correlation function has two tensor structuggsnd

can be organized by the 22 diagrams in Fig. 1 and Fig. 2 and, from which two independent QCD sum rules can be con-

is aided by the computer-algebra pack&g®UCE structed for each member of the octet family. It turns out that
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(d1) (dz)
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FIG. 2. Skeleton diagrams linear in the quark
mass, denoted by the cross symbol.

(d5) (d6) (d7) (d8)

@ &

(d9) (d10) (di1)

the QCD sum rules from the structuiiecontain dimension- )
even condensates only, so we will refer to such QCD sum C1= E(5+2B+5ﬁ ),
rules as chiral even. Similarly, we refer to those from the
structure 1 as chiral odd, because they involve dimension- 1
odd condensates only. This classification scheme will be sza(5+2ﬁ+5ﬂ2),
used throughout this work.

The chiral-even sum rules coupling to spin-1/2 states are

1
(the tensor structure is indicated on the )ldéir p: Cs= gl(12=5fy)—2fS—(12+ 5f) 871,

ClL*4/9E2M G+ CZbL*4/9EOM2 )
=—— 2
+csmeal~ PEqM 2+ ¢ ,mgmaal ~ 26127 C=— 54 {[4f+ 21+ 18(M?)] +4f
S s
+[4f—21-18(M?)] 8%}, (26)

1
+Cgr,a°L Y0+ cﬁmgazL‘z’”W

1
- 2 - 2 Cs= =[(6fs+1)—28—(6fs—1)B%],
K2 e MM LR oM N (o) 5= gL(6fs+ 1)~ 28~ (6~ 1)p’]
where the coefficients are given by Co=— 2—14[(12fs+ 1)— 28— (12f—1)B2],
1 e
C= 1—6(5+23+532), by =:

1
1 ; ¢1= 15(5+26+562),
Co= a(5+2,8+ 589),

1 2
C2: &(5+2B+ 5B ),

C3:0,
(25) 5
e ca= 5 [(2—To) — 208 (2+ 1) 47
c =1[7—2 —5p7] 1 @
° 6 A=SE7, c4=—ﬂ{[15—fs+18t(M2)]—10f3,8
CG:_2_14[13_23_11/32], —[15+f,+18(M?)]18%,
fs
by 3 cs= g [(fs+6)—2f B+ (fs—6)B%],
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f
Co= = 5l (fs+12)—2f B+ (f—12) 7],
by A,:

1 2
¢1=75(5+28+58%),
1 2

cs:%‘[(zo— 15f5) — (16+6f5) B— (4+15f¢) 821,
(28)
Ca= %{[4f5—5—6t(M2)]+ (4+4f)B

+[4f+1+6t(M?)]52,

Cs= %3[(10f5+ 12)+(2—-8f B~ (2fs+13 7],

Ce= 7%[(—16@— 23)+(8fs—2) B+ (8f+25) 57,

by Ag:
1
0125(1—2,3+,32),
1 2
Co= 35(1-2B+5%),
1 2
Cy= [(—4—3fy)+(8+6fy) s~ (4+3fy) 57,
(29)
1 2
Ca= 15(1-2B+5%),

5= 5L(~ 1219 +(2+ 41, B (1+21,) %),

Co= 3i6[(1+2fs)_(4fs+ 2)p+(1+219) 87,
by A.:

1 2
c1=75(3-28+38%),

1 2
Co= g4(3-2B+3p%),

cs= %[(4—3f3>+2fsﬂ—<4+3fs)ﬁ2], (30

PHYSICAL REVIEW D 66, 014014 (2002

1 2 2 2
c4= 541l ~3-6L(M?) ]+ 41 B+[3+6(M?) |67,

1 2
cs=g[(2f~1)+28—(2f+1)8%],

Ce= %1[(—4f5+ 1)—2B+(4f+1) 7.

Herein after, the condensates and couplings are rescaled
asa=—(27)%uu), b=(g2G?), (ug.o-Gu)=—mi(uu),
N=(2m)2\, a=(2m)?%a. The ratio fs=(ss)/(uu)=(sg.o
-Gs)/{ug.o-Gu) accounts for the flavor symmetry break-
ing of the strange quark. We retain only terms linear in the
strange quark mass and sef=my=0. The four-quark con-
densate is not well known and we use the factorization ap-
proximation (uuuu) = x,{uu)? and investigate its possible
violation via the parametek,. The anomalous dimension
corrections of the various operators are taken into account
via the factors L7=[ ag(u?)/ag(M?)]”
=[IN(M¥Acp)/IN(1?/Acp)]”, where y is the appropriate
anomalous dimensiony =500 MeV is the renormalization
scale, andA o¢p is the QCD scale parameter whose value
will be given below. The function(M?)=In(M?u?)— yeu
with ye~0.577 the Euler-Mascheroni constant. As usual,
the excited state contributions are modeled using terms on
the OPE side survivingyl>— o under the assumption of du-
ality, and are represented by the factos,(x)=1
—e *=.x"/n! on the LHS withx=w3/M3 andwg an effec-
tive continuum threshold. Note thafs is in general different
from sum rule to sum rule and we will treat it as a free
parameter in the Monte Carlo analysis.

A trivial check of the calculation is provided by the fact
that the QCD sum rules f&& should reduce to those for the
nucleon by replacing the quark with thed quark, which is
equivalent to settingng=0 and f,=1. This check is per-
formed throughout the work.

The chiral-odd sum rules coupling to spin-1/2 states at the
structure 1 are

cimgL ~8°E,M 8+ c,aE M4+ cgmial 12 E M2
+c,msbL8E M2+ cgab+ cgmgk, a2

2 2
~2 _ 2 ~> _ 2
=N Mypre MM =R7, Myp-e Mz M,

(31)
where the coefficients are given by
1 2 3 2
c1=0, szz[7_2/3_5/3 )] Ca=—7(1-58 )
=0 2 19+ 108— 2982 =0 32
C4_ ’ C5_2_88[ + B ﬁ]! CG_ ’ ( )
by X:
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1 1
ClZZ(l—,B)Z, C2=y (6+f9—2fB—(6—F9) B,

3. a2 _ L
_Z( =B, C4——3—2( -B)",
1
Cs= 288[(24 5f,) + 10f 8— (24+ 5f4) 8],
1
Ce= 5 (5— 3fs)+2,8+(5+3f5),8] (33
by E:
3 2 1 2
C1=§(1—,3 ), 02=Z[(6fs+1)—2,3—(6fs—1)ﬁ 1

— 3fs 2 — 3 2
c3=— 3 (17, ca=15(1-F7),

Cs= 288[(24f 5)+108— (24f+5) 7],
f
Ce=> [(3—f)+28+(3+19)8%], (34
by A,:

1 2
¢1=15(11+28-1367),
Co= 5L (104 106+ (~ 8+ 2196~ (2+ 13 57,
1 2
Co=5[(—1-2fg)+(1+2f9) 8%,
1 2
Ca=gg(13-28-1187),

(4+53f4) + (40— 10f ) B— (44+43f ) B?],

C5= g6al

1
co= 15[ (15- 51+ (6+419 8+ (15+ ) 57,
(35)
by As:

1 2
Clzg(_lJFZﬁ_B ),

1
Ca=gl(—2=f9)+(4+ 2f9B—(2+f9B7)],

1
C3=0, C4=;5(1-25+p%),

PHYSICAL REVIEW D 66, 014014 (2002

1
Cg= 432[(1o+ 5f¢) — (20+ 10f ) B+ (10+ 5f) B?],

CGZ%[(S_"fs)_(6+2fs)ﬁ+(3+fs)B2]a (36)

and byA.:

1 2
ci=5(~1+28- ),
cam7[(2- F)+ 21— (2419

1 ) 1 2
ca=7(~1+6),  ca=z5(1-26+ 57,

[(8+5fs) 10fsB+ (—8+5f9) g%,

€5~ 288

1
CsZg[(3—fs)—2ﬂ+(3+fs),32]- (37

Note that on the phenomenological side of the sum rules here
and below, we explicitly retain the two lowest states, one
having positive parity and one having negative parity, be-
cause it is not knowa priori whether a sum rule is saturated
by a positive or negative state. Only one term is used in the
analysis once it is determined that it is the dominant one.

B. QCD sum rules: Mixed correlator
In this section we give the QCD sum rules as derived
from the mixed correlator of the generalized spin-1/2 current

N2~ YuYs5M12 @nd spin-3/2 currengg,zv,,. The phenom-
enological side of the correlation function can be written as

1/2 1/2

,LLV( )_ M2

[ ’}/,LL’YVE)i M B’)/,U,’)/V

4 -
+M—B yﬂpvp+ 27#pv +

where the dots denote excited state contributions. The upper/
lower sign corresponds to positive/negative parity. There are
four tensor structures from which four QCD sum rules can be
constructed for each member. It turns out that the sum rules
from the structures/#pyﬁ andy,p, are identical, leading to
three independent sum rule sets.
The chiral-even sum rules coupling to spin-1/2 states are
for vy, v,p:
ClmsaL*4/27EoM 2+ CzKUazL 20/27
2.1 —18/27 2.2 2091
+csmgmpal +cympa“lL VL

~ ~ M2 2
= - 7\1/2+ aq1o+€ MlIZJr”vI
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2 2
M- IM

—Nyjp- g€ ) (39

where the coefficients are given by

1
c1=0, c,=—2, c3=0, c4=%[27—3,8], (40

by X:

—-B

1
Ci=— 5, C=—3[3(1+f)+(L-f9B],

o= 55 (214219~ 2(L+ BUM?) ~ (7+21,)B],

C4= 316[(13+14fs) 3(2fs—1)8], (47
by =:

—%[3(2f5+1)+(2fs—1)ﬁ],
o
c;=— 5 [3(1+f)+(f- 1A,
C3:2i4[(7+z4fs>—z<1+ﬁ><1+4fs>t<M2)—(5—8fs>ﬁ],

Cy= 36[(14+13f5) 3(2—14)B], (42
by Ay:

5+ 1
Ci=— 5. C=—gl(1+5f)—(1-fyA],

1
Ca=5{[(17-6t(M?)]+[5-6t(M?)]5},

Cs= 108[(5+22f)+( 5+2f) B8], (43
by Ag:
-1+ 1
G=——3 . C=—gl2(1-fy+2(f--1)],

1
=g2[5(1=f9+5(=1+19)p],
(44)

1
Cs=55(~1+58), ca

and byA.:

1
Co=— §[(1+fs)+(_l+fs)ﬂ],

PHYSICAL REVIEW D 66, 014014 (2002
1 2 2
C3=541[(5=2tMI)]+[5-2t(MT) 1B},

C4=—%[(5+4f5)+(—5+4f5)ﬂ]. (45)

An interesting feature of this chiral-even sum rule is that
there is only a relatively small term of the ordatM? on the
OPE to model the continuum for the strange baryons, while
no such term for the nucleon. One consequence is that the
continuum contribution igerofor the nucleon and small for
the strange baryons, suggesting a weak coupling between
excited states and OPE. It makes it difficult to select a valid
Borel region independently to fit the sum rule.

The chiral-odd sum rules coupling to spin-1/2 states are

for y,v,:
Clmsl— - 16/27E2M 6+ CZaL8/27E1M 4

+cgabL®?"+ c,mgk,a?L 8?7

~ ~ 2
= X1+ @yp My € Mz ™
+Xyz @i Myp_€” M- IM? : (46)
where the coefficients are given by
C]_:O, C2:_1, C3: 144[3+9ﬁ] C4:0,
(47)
by 3:
3+B 1
Ci=——; C=—gl3(+fy—(1-1yBl,

1 f,
C3=— 75 3fs+(4+5f)B], 042_5(3_,3), (48)

144
by E:

-B 1
Ci=— . C=—g[3(1+f)+(1-1yB],
Ca=— 144[3+(5+4f5)ﬂ]

fs
ca=— gl3(2+ )+ (2-19B], (49
by Ay:

-B 1
Cl:_v’ C2=—1—8[(5+f5)+(1_fs)ﬁ]1

fs

6=~ 73l (4= T+ (B+T9Bl ca=—75(5+ ),

(50

014014-8
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by As:

1- 1
== g Co=—gl(~1+fg+(1-f9Bl,

1 f
C3:_2_16[(1_fs)+(_1+fs):8]- 042—5(—14‘,3),
(51

and byA.:

1- 1
== C=—gll+f)+(1-FIB]

fs
com— gl (2~ T2+ 1Bl cim— 2(L4P)
(52

The chiral-odd sum rules coupling to spin-1/2 states are

for y,p,p:
Mol ~127E M4+ c,aLB2TE M2
+cgmzal 2%+ c,meb L~ 16127
1 1
+csab LSWW + chSKUaZLB’”W

7\1/2+511/2+ 2 2 7\1/2*:1’1/2* 2 2
==L TC e Myp/MT_ _TE —F oMy, /M

M1/2+ Ml/Z_
(53
where the coefficients are given by
1
c;=0, c,=1, 03=—§(3—,8), c4=0,
1
Cs=— 4g[1+38], c6=0, (54)
by >:
3+ 1
Ci=—g . Cmgl3(L+fy—(1-f9p],
1 1
03=—ﬁ(5+4fs—3,8), c4=—%(1+3,8),
fs
(55)
by 5
3-8
Ci=—g—. = 6[3<1+f>+<1 f98],

1 1
Ca=— 55 (4+5(=3148), Ci=gs(1-3p),

PHYSICAL REVIEW D 66, 014014 (2002

Cs=— i[3+(5+4fs)/5‘],

144
fs
Ce=— 32+ Ty +(2—-19Bl, (56)
by A,:
1-8 1
C1= 24 ' C2:1_8[(5+fs)+(1_fs)ﬁ],

1 1
Cy=— 5[ (7+2f) = (1+2f5)B),  Ca=75ge(1-P),

65— gl (4-F)+(8+108),
fs
C6=_1_8(5+B)1 (57)
by Ag:
1- 1
=Tl cpmgl(— 11+ (1-T9p]

1 1
C3=— gl (71 T)+(A-T9B]  ca=77,(1-8),

1 fo
(58)

1
02:6[(1+fs)+(1_fs),8]-
1 1
Co=— gl (142 +(1-21 6], cy=ge(1-f),

1 fs
Cs=— 12l (2 T+ (2+ 198l Ce=—F(1+5).

144
(59)

Comparing with existing calculations for the mixed cor-
relator, the coefficients in the nucleon channel in the above
three sum rules agree with those in REf0]. The coeffi-
cients in the strange baryon channels are new. This turns out
to be a very favorable sum rule among the 11 sum rules in
predicting the masses of spin-1/2 and positive-parity bary-
ons.

C. QCD sum rules: Spin-32 correlator

In this section we give the QCD sum rules as derived
from the correlator of spin-3/2 currentg,, and»s,,, . The
phenomenological side of the correlation function can be
written as

014014-9
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) . 1 2 pMpyﬁ B 8 5 _ 8 f 22f
H,u.v(p):)\3/2 _gyvp—’_g(’yltpv—i_’)/vp,u)—i_g Mglz C1= g’ C2_§’ C3_§ si Ca 3 s
1 2 p.p, 16 28
- -+ — -+ — [ — = — —
+ MS/ZQ,U.V_3 MSIZYM’YV—:S M3/2 C5— 9 , C5 27, (65)
6 - by A
+afy AVt YiP)+ —5D,P,P Y As
M 1/2
o 8 5 8f 20f
1 - = C2:_| C3 sy C4 A s

T - 4. 5 9 3 9

+M 12YuYv+ M 2 p,upv ) (60)
where the dots denote excited state contributions. The upper/  _— 32 Cs g’ (66)
lower sign corresponds to positive/negative parity. The ten- 27
sor structures are chosen because they are orthogonal to each
other. Six independent sum rules can be constructed from thgnd byA . :
correlator for each member: two for spin-3/2 states only, two
for spin-1/2 states only, and two for both. 8 5 8

The Achiral-even sum rules coupling to spin-3/2 states are Ci=— = c2=§, c3=§fs, c,= —2fg,
for g,,p:
¢, LY?E,M8+ c,b LY EqM? 16 28
Cs=3: G~ g- (67)

+csmeal ¥?’EgM 2+ c,mgmaal ~ 1027

1
+ gk, 2L 28271 c6m§a2L 14/27W

T2

_Mm2 2 ~2 _Mm? 2
=—\3,€ Majp-/M —A3p+€ Mot /M*, (61

where the coefficients are given by

24 5
C1=—€, szg. C3=0, ¢€4=0, c5=16,
28
by 3
24 5
CGi=—75. C2=3, C3=8(fs+4),
2 16
Co=— 5 (11f+28), co=5(4f—1),
28
ce=— g (4fs=1), ©3
by E:
24 5 2
G=—Tg. Cm3 C=32 G- 3(5(.+28),
16 28
C5=§f5(4—fs)v C6=_§f5(4_f5)’ (64)
by Ay:

In this sum rule, states with both positive- and negative-
parity contribute with the same sign, which means that the
excited states contamination is large. Therefore it makes it
difficult to resolve which is the dominant contribution under
the single pole-plus-continuum model. One could retain both
terms(a two-pole plus continuum modebut it increases the
total number of phenomenological parameters to five, which
is too many for a sum rule to resolve. As a result, no predic-
tions can be made from this sum rule.

The chiral-odd sum rules coupling to spin-3/2 states are

forg,,:

cimel ~#2E,MO + ¢ aE; L 12 M4+ camjal #EgM 2

+c,meb L2 EgM 2+ cab L1827+ cgmgk, a2L 16727

2 2
~2 _ 2 ~2 _ 2
=)\3,27M3/2—e |V|3/2,/M _)\3/2+M3/2+e M3/2+/NI y (68)

where the coefficients are given by

c1=0, c,=16, c3=—8, c4,=0, c5=?, ce=0,
(69)
by 3:
16 - 1
Cl=_61 0223(4_1:3)1 C3=T(4_f3)1 C4=§1
Cs=—-(4—f), ce=—16, (70

9
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by E: by X,
16 - 3 5 (3f+7)
c,=24, C2:§(4fs_1), 032?(41:5_1), Cl:ﬂ)’ C, ~ o c3=—(fs+4), C4ZST’
_ __ _ 2(4fs—1 7(4fs—1
Ca=—2, Cs=—g (4fs=1), co=—32, oo — 217D : A )] - ) 77
(71
by A,: by =
16 8 1 ool .5 L, B
Cl 2, C2 Efs, C3 _§f5, C4—_€, 1 101 2 241 3 ’ 4 6 ’
2 16 2f(fs—4) Tfs(fs—4)
Cs _2_71:51 Ce g, (72 CSZT' CGZ—T, (78
by As by Ao
32 16 1
c1=4, Ccy=—1fg, ¢ —fs, Cq=—=, 1 5 1
! 27g'sr W gisr M3 C1=75 C2=~ 73 Ca=—3fsi ca=3fs,
4 f 16 (73 2 7
Cs 571ss C6= 5
27 3 S =
Cs=—g' Ce~5g (79
and byA.:
by Ag
16 8 1
c1=6, Cz—gfs' C3 §fs' C4__§' 1 5 1
=70 2772 G _gfy c4=§fs,
2]c 16 24
Cs=—gfss Ce=~ 3 (74 A 7
05:_51 06:2_71 (80)
In this sum rule, the leading terms4(, c,) on the LHS are
positive, which leads us to conclude that the sum rule is nd byA .-
dominated by negative-parity states because they come i Yie:
with a positive sign on the RHS while the positive-parity 1 5 1
states have the opposite sign. The parity cancellation in the Ci=—=, Co=—o=, Cz=—=fs, Cs==fs,
excited spectrum may lead to a clean extractiod'df 3 ~ 10 72 3 3
states from this sum rule.
The chiral-even sum rules coupling to spin-1/2 states are 2 7
C5=—§, C6=1—8. (81

for 7Mpv+ YVpM .
C1LY7E, M8+ c, b LY2E M2

+cgmeal ¥2’EgM 2+ c;mgmaal ~ 027

1
+Cok, a2l.2827 CGmS a2l 14/27_—_

MZ
=2 -ME o M2_m2 ME M2
=—aj,re e —al, e Y, (75
where the coefficients are given by
3 5
©1=7g ©2~ 3z C3=0, c4=0, c5=-2,
! 76
06_61 ( )

Note that the RHS is always negative, but the leading term
(M®) on the LHS side is positive. This is an indication of a
poor sum rule. In fact, no physical results have been ex-
tracted from this sum rule.

The chiral-odd sum rules coupling to spin-1/2 states are

1 .
for v, v+ 359,.:
c,al®?E;M*+c,m3al 2 E M2
+cymgb L ¥2EgM 2 + c,ab L1827+ cgmgk, a2L 16727

2 2
—_72 —M /M2 2 —M /M2
=—ay,-Mype” ™ +al, My e N

(82

where the coefficients are given by
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1 2 5 ¢, L¥?E;M*+ c,b 427
cl—§, cz=—§, c3=0, c4=7—2, c5=0, (83 .
+cgmaal 27+ c,mgmaal 1o 27W
by X
~2
1 2 2 Mae e
= — — — =— — g 2
C1 g(fS 4)’ Co 9(fs 4)! C3 24’ 3M3/2,
2 XZ + 2 ZYZ + 2
) 4 + = 32 e_'\"3/2+/'\"2—|—16—1/2 e_Ml/z*/M2
- — = — _ 2 2
Ca 216(]:5 4, Cs 3 (1+fo), (84) 3 M3+ M+
~2
by E: Yu2- M2 w2
4—16—2 e Mip , (89
1/2-
1 2 1
C1=g(4fs—1), C=—g(4fs—1), Cs=—5, where the coefficients are given by
5 2 _12 _1 B B
Cam5ra(4f— 1), cs=— =fy(3+2fy), (85) G=g. G~z C=0. &=0 (90
216 3
by A, by 3:
12 1 4
1 2 1 5 Clz_, 02:_, C3:_8fs, C4:_fs; (91)
C1—2—7fs, C2——2—7fs, C3——7—2, C4_ﬁSfS’ 5 3 3
by E
B 4
Cs=~ g (86) 12 1 20
Clzgv 0225, 03:_16fs, C4:§fs, (92)
by As
by A,
2f 4f ! f
Ci=550s, Co=—550s, C3=— o5, G~ 10s, 4 1 8 4
2 2 % G=g. C=g. C=-zfs Ci=gls (99
4
C5:_§! (87) byAS
4 1 8 8
and byA.: c1=g, C=g, C=—3fs c=gfs, (94)
1 2 1 5
Cq1 §f51 Co _§fs, C3:_ﬂ, C4:2—16fs, and byAc:
_4 _1 _ 8f —4f 95
05:_4_1 @9 Cl—g, Cz—§, C3= 3's 04—§ s- (99
g

The chiral-odd sum rules coupling to both spin-3/2 and spin-

The positive coefficient of the leading term suggests that thid/2 states are fop,p, :

sum rule should be saturated by a negative-parity state. How-

ever, in the observed spectrum thé state is lower than the cimL ~¥27E;M* + c,aL P E M2
1~ state. Since here one does not have the freedom of vary-

2 2127 —8/27
ing the interpolating field to minimize the influence of the +Campal ™=+ camgbl

positive-parity term, the positive-parity term must be re- 1 1
tained in a sensible fit. This worsens its predictive ability. +c5abL16’27W+ c6m3K0a2L16’27W
Without knowing the order of the two states, it is the natural
position to take to keep both terms. o N2 )

The chiral-even sum rules coupling to both spin-3/2 and -_= 32’2 e~ M3, IM?
spin-1/2 states are fcpﬂp,f): 3 M3
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PREDICTIVE ABILITY OF QCD SUM RULES FQ . ..

~2 ~2
2 Nyt

o
+§ > e_Mslz*/Mz—Sﬂe_Mi/?/Mz
M3/2+ Ml/2+
o,
+8—2 g My M2, (96)
1/2-
where the coefficients are given by
C]_:O, C2:_8, C3:8, C4:O, C5:_1, CGZO,
(97)
by X:
8 8 1
Cl=21 02=§(fs_4)1 C3=_§(fs_4)1 C4=E,
1 32
C5:§(fs_4), Cszgfs, (98)

by E:

8 8
Cl:_81 C2:_§(4f5_1)1 C3:§(4f5_1)1

Ci=—3. Cs=—3z(4f1), ce=7T(2f-1),
(99)
by A,:
2 8 8 1
Clz—g, C2:_§fs’ C3:§f5’ C4:_1_8'
1
Cs —gfs, Cg O, (100)
by As
4 16 16 1
Ci=—3. © gfs’ Cs Efs’ =7 g
2
. §f5! Cce=0, (101
and byA.:
8 8 1
ci1=—2, C _§f31 C3_§f5’ Ca 6’
1
C5:_§fs' Ce=0. (102
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analysis. Their usefulness only lies in serving as a consis-
tency check using the parameters extracted from the other
sum rules.

Ill. ANALYSIS

To extract physics information from the sum rules, we
employ a Monte Carlo—based analysis procedure first intro-
duced in[10]. The basic steps of the procedure are as fol-
lows. Given the uncertainties in the QCD input parameters,
randomly selected, Gaussianly distributed sets are generated,
from which an uncertainty distribution in the OPE can be
constructed. Then &2 minimization is applied to the sum
rule by adjusting the phenomenological fit parameters. This
is done for each QCD parameter set, resulting in distribu-
tions for phenomenological fit parameters, from which errors
are derived. Usually, 100 such configurations are sufficient
for getting stable results. We generally select 500 or more
sets which help resolve more subtle correlations among the
QCD parameters and the phenomenological fit parameters.
One distinctive advantage of the method is that the entire
phase space of the input QCD parameters is explored simul-
taneously, leading to more realistic uncertainty estimates in
the phenomenological parameters.

In addition, the Borel window over which the two sides of
a sum rule are matched is determined by the following two
criteria: (a) OPE convergencethe highest-dimension-
operators contribute no more than 10% to the QCD diole;
ground-state dominaneeexcited state contributions should
not exceed more than 50% of the phenomenological side.
The former effectively establishes a lower limit, the latter an
upper limit. Those sum rules which do not have a valid Borel
window under these criteria are considered unreliable. The
emphasis here is on exploring the QCD parameter space via
Monte Carlo calculations. The 10%—-50% criteria are a rea-
sonable choice that provide a basis for quantitative analysis.
Reasonable alternatives to the criteria are automatically ex-
plored in the Monte Carlo analysis, as the condensate values
and the continuum threshold would change in each sample.

The QCD input parameters and their uncertainty assign-
ments are given as follows. The quark condensate in standard
notation is taken aa=0.52+0.05 Ge\?, corresponding to

a central value ofluu)=—(236)®> MeV3. For the gluon
condensate, early estimates from charmonjafplace it at
b=0.47+0.2 Ge\, a value commonly used in QCD sum
rule analysis. But more recent investigations support much
larger values[12—15. Here we adopth=1.2+0.6 GeVt
with 50% uncertainty. The mixed condensate parameter is
placed a'm§=0.72t 0.08 Ge\f. For the four-quark conden-
sate, there are claims of significant violation of the factoriza-
tion hypothesi§12—14. Here we usec,=2*+1 and 1=k,

<4. The QCD scale parameter is restricted\tgcp=0.15
+0.04 GeV. We find variations ok o¢cp have little effects

on the results. The strange quark mass is takemgs0.15
+0.02 GeV. The value of ¢ has been determined [2,6]

Note that we explicity keep the four lowest states:and is given byfs=0.83+0.05 after converting to our nota-
3/2+,3/2—,1/2+,1/2—. That too many unknown param- tion by y=fs—1. These uncertainties are assigned conserva-
eters are present in the two sum rules makes it impossible tively and in accordance with the state-of-the-art in the lit-
isolate the different states in a straightforward Monte Carlcerature. While some may argue that some values are better
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TABLE I. Predictions from the three-parameter search of the chiral-odd sum rulé3Eat the structure 1 from the spin-1/2 correlator.
The Borel regions determined by OPE convergence and pole dominance are also given. Experimental masses are ftaken from

Region w A2, Mass Expt.
Sum rule (GeV) (GeV) (GeVP) (GeV) (GeV)
Ny (B=—0.8) 0.75 to 0.91 1.24.16 0.70+.26 1.02+.11 0.938
S (B=—6) 1.00 to 1.37 1.96 .57 87.2-53.2 1.54 34 1.620
Baip (B=-6) 1.08 to 1.22 2.03.68 109.6-84.3 1.55-.38 1.69?)
Aoy (B=—6) 1.08 to 1.12 1.72 .46 60.3-44.4 1.38 .32 1.670
As(1/2)— (B=-6) 1.18 to 1.24 1.78 .20 41.2+16.3 1.43.13 1.405
Ay~ (B=—86) 1.10 to 1.25 1.86.23 49.2+22.5 1.46-.14 1.405

known, others may find that the errors are underestimated. ltaken as—1. It was proven otherwise in the Monte Carlo
any event, one will learn how the uncertainties in the QCDanalysis of[10]. Moreover, for the chiral-odd sum rule, the
parameters are mapped into uncertainties in the phenomengptimal mixing for the nucleon was determined to Be:
logical fit parameters. _ _ —0.8 rather than—1. This result for the nucleon is repro-
Before going into the numerical analysis of the sum rulesdyced in this work. On the other hand, in our analysis of the
a general discussion of the reliability of QCD sum rules isiny = and A states, we could not find a solution when we
order. It has been argued that chirality plays an importangssyme the sum rule is saturated by a positive-parity state
role in determmmg' the reliability of.barlyon QCD sum rules \while tuning 8 in a wide range. Instead we found that the
[16]. One reason is that the contributions of positive- and3 parameter search is successful when we assume the sum
negative-parity excited states partially cancel each other ip e is dominated by a negative-parity state g —2. The
the chiral-odd sum rules and add up in the chiral-even sumagits for 3= —6 are given in Table I. The masses and
rules. An inspection of the 11 sum rules in this work indeed,resholds are quite robust, insensitive to variationg im
exhibits this feature. In the six chiral-odd sum rules, 81) e range of- 2 to — 20. The only thing that changes with
from the spin-1/2 correlator, E@46) and Eq.(53) from the g the coupling\2 as it should b3 dependent. So we con-
mixed correlator, and E468), Eq. (82), and Eq.(96) from ¢y,,qe that this sum rule predicts a positive-parity state in the
the 'spin-3/2 correlator, the positive- and negative-parity, o, qirange channel witg=—0.8, but the same sum rule
states have the opposite sign, whereas in the chwal-evgn SWedicts negative-parity states in the strange channels with a
rules, they'hav.e the same sign. As a re;ult, the continuu rge negative value g& which means a large negative com-
contamination is much smaller in the chiral-odd sum rule onent ofy, in the interpolating field in Eq(2). The uncer-
than in the chiral-even ones. In addition, the chiral-even SU:E)ainties Werze derived from 500 sets of QCD barameters by a
rules suffer from otr_]er relatlve_ly Iarge uncertainties, arisingy,qnte Carlo calculation. The predictions compare favorably
from large perturbative corrections in the OPE, the factorlzaw-th experiments. In the case & the QCD sum rule
tion assumption of chiral-even condensates, and the onset Bﬁedicts a mass c;f about 1.60 Gé/\i_'l"he Particle Data Group
nonfactorizable condensates in relatively low dimens[@hs 17] lists two 3-star= states with unknown spin-parity, 1690
So it is expected that the chiral-odd sum rules are generall eV and 1950 MeV. Our prediction favors the Iowér one
more reliable than the chiral-even sum rules beforeanumenrhe three Lambda .types give roughly the same mass.es
cal analysis. within uncertainties.
o The above is an example of how a sum resolves the parity
A. Predictive power: Three parameter search of a state. Recall that a baryon interpolating field couples to

A three-parameter search means treating all three phdoth positive- and negative-parity states. That is why two
nomenological parametefsontinuum thresholav, coupling ~ terms on the phenomenological side are explicitly kept, one
A2 and baryon mashlg) as free parameters simultaneously. of each parity. But keeping two terms increases the number
Since the QCD input parameter space is also explored simuff phenomenological parameters from 3 to 5, which is too
taneously by the Monte Carlo approach, a successful thregbany in practice. Rarely a QCD sum rule has enough infor-
parameter search provides the best demonstration that Mgation to yield a successful 5-parameter search. So the stan-
QCD sum rule has predictive power. dard practice is to use a single pole plus continuum model

We performed a sweeping analysis of all the 11 sum ruledvith 3 parameters to maintain a reasonable level of predic-
for each baryon member. As expected, we found that théve power. But which of the two terms dominates a QCD
chiral-odd sum rules perform better than the chiral-even sungum rule depends on the interpolating field. Tunipg
rules. Only three sum rules, all chiral-odd, allow a three-changes the makeup of the interpolating field, and therefore
parameter search. The results are discussed below. alters the coupling strength to the states. The advantage of

The first is Eq.(31) from the spin-1/2 correlator. Tradi- having an adjustable interpolating field is that one could vary
tionally, it is a controversial sum rule regarding its perfor- it to have maximal coupling to a state of definite parity. As a
mance. For a long time, its partner, the chiral-even 24d), consistency check, we kept both terms and search the cou-

was identified as the better sum rule with the valuegof pIinngi,?, Xi,z,, and thresholdv simultaneously by set-
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TABLE II. Predictions from the 3-parameter search of the chiral-odd sum ruleg5By.at the tensor structurgﬂpyf) from the mixed
correlator.

Region w N1jati Mass Expt.
Sum rule (GeV) (GeV) (GeVP) (GeV) (GeV)
N(u2)+ (B=+1.0) 1.06 to 1.46 1.3t.22 1.13 .53 1.06¢.11 0.938
10+ (B=+1.0) 1.12 to 1.53 1.48.23 1.62-0.68 1.16-.12 1.193
E 1. (B=+1.0) 1.35 to 1.80 1.69.27 2.61-1.20 1.32-.14 1.318
Ao(1,2)+(,8: +1.0) 1.27to 1.74 1.58.24 0.66-0.28 1.23:.12 1.116
Ac(l,2)+(ﬂ= +1.0) 1.28t0 1.72 1.58.24 0.66-0.28 1.23:.12 1.116

ting the masses faX,,, andNy,,_ at the experimental val- only to spin-3/2 baryon states. It allows a three-parameter

ues. The result is that the Coupliﬁém comes out several Search and is saturated Bf= 3~ states. One feature here is

q ¢ itud 3 howing that th that there is no tunable parameter in the spin-3/2 correlator,
orders of magnitude greater thaf),-, showing that the sum i leaves the Monte Carlo analysis quite straightforward.

rule is indeed dominated by thé,,. state. The same check The results are given in Table lil. If we explore the contri-
shows that for the strange baryons, the negative-parity stat@gtion from each term of the OPE, we can easily see by
dominate. comparings and £ that the prominent difference is on the
The next chiral-odd sum rule that permits a 3-parametefeading term, which originates from flavor-symmetry break-
search is Eq(53) at the tensor structurg,,p,p from the  ing via the strange quark masg. For X, this term acts to
mixed correlator. The results are shown in Table Il. This isdecrease the mass 8fy,_, while for Z5, it acts to in-
probably the best sum rule in predicting td8=(1/2)*  Ccrease Its mass.
states. The Borel windows are relatively wide. The predicted
masses are reasonably close to the experimental values. And
the results are stable, and insensitive to the valug afs Besides the three-parameter search for a single sum rule,
long asB>0. The sum rules foA o1+ and Ag(y)- give W€ made further efforts to exp!or_e the pr_ed|ct|ve ability of
nearly identical results and the masses slightly overestimat@® QCD sum rules. One possibility that is afforded by the
the experimental numbers. We could not find a solution fofvonte Carlo method is to perform a simultaneous search of

the singletA y1/5y+ . The uncertainty on the masses from the Multiple sum rules, each having an independent Borel win-
Monte Carlo analysis is on the order of 100 MeV. dow and continuum threshold. The benefit is that more infor-

The other chiral-odd sum rule from the mixed correlator mation is introduced on the OPE side and at the same time
Eq. (46), at the y,y, structure did not allow a three- 'the number of parameters that are shared across the multiple
. , Yo

A hunder th tablished fitti licy. osum rules is reduced. This may lead to increased stability and
parameter search under the established Tting policy. QUL aar errors in the output. In principle, it should be done

analysis showed that the continuum contributions in thesgi, those sum rules that come from the same correlator. The
sum rules are relatively larg@ver 50% contributiop thus only successful multiple sum rule search is from the sum
no valid Borel windows exist. However, if we relax the pole- jes of Eq.(46) and Eq.(53) from the mixed correlator, as
dominance criterion and allow continuum contributions toshown in Table IV. It is essentially a 5-parameter, 2-sum-rule
exceed 50%, we could obtain reasonable and stable thregggrch for thegd®=1" states. The results improve upon those
parameter search results faf=1/2". The results will not in Table II. In the case of flavor singlét, it predicts a mass
be shown because of this compromise. of around 2.6 GeV. So QCD sum rules predict the correct
Next we examine the chiral-odd sum rule of E§8) at  ordering of flavor-singlet lambda with &~ state of 1.405
the structureg,, from the spin-3/2 correlator, which couples GeV and a3 * state of much higher mass. This relatively

B. Predictive power: Multiple sum rule search

TABLE IlI. Predictions from the 3-parameter search of the chiral-odd sum rules(@8y. at the structureg,,, from the spin-3/2
correlator.

Region w £\, Mass Expt.
Sum rule (GeV) (GeV) (GeV) (GeV) (GeV)
Ngjo_ 0.951t0 1.17 1.65.24 27.6-:11.8 1.44+ .13 1.520
S, (312)- 1.29 to 1.36 1.9% .25 46.6-20.1 1.69-.14 1.580
5(3/2)_ 1.30 to 1.39 2.19.27 84.8:42.9 1.84-.16 1.820
Aoy 1.48 to 1.55 2.36:.35 12.7:7.4 2.00-.21 1.690
Agary- 1.30 to 1.39 2.12 .28 16.8-8.7 1.80-.16 1.690
Ay 1.22 t0 1.32 2.0%1.25 19.8-9.3 1.7t.15 1.520
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TABLE IV. Results from a five-parameter, simultaneous search of the two chiral-odd sum rules(d6Eaf. the structurey,, v, (labeled
as 1 and of Eq.(53) at the structurey#p,,f) (labeled as pfrom the mixed correlator.

Region 1 w1l Region 2 w 2 N1jos Q1jos Mass Expt.
Sum rule (GeV) (GeV) (GeV) (GeV) (GeVP) (GeV) (GeV)
Ny (B=0) 0.69 to 1.12 1.44 .15 0.80 to 1.52 1.35.16 1.07-.25 1.02¢.07 0.938
Sapr (B=-1) 0.751t0 1.24 1.62.25 0.88 to 1.68 1.58.25 1.72+ .66 11711 1.193
e (B=—1) 0.97 to 1.34 1.89 .32 1.10 to 1.81 1.86.30 2.70:1.23 1.32-.14 1.318
Aoy (B=-1) 0.74 to 1.24 1.6%.25 0.88 to 1.66 1.58.25 0.57.22 1.17:.11 1.116
Agays (B=—1) 1.41 to 1.98 3.46.28 1.64 to 2.45 3.55.39 1.71.72 2.65-.21 ?
Acapy+ (B=—1) 0.80 to 1.06 1.53 .45 0.86 to 1.21 1.2%.08 0.38-.05 1.09-.03 1.116

high value for the)”= 1" flavor-singlet lambda is yet to be the more reliable of the two sum rules from the spin-1/2
identified by experiment. The octét and the commom correlator. However, it was shown by Leinwelj@0] that a

interpolating fields produce comparable results. native three-parameter search with the conventional value of
B=—1 gives a prediction of the nucleon mass around 450
C. Two-parameter search results MeV, which is very different from the observed value. Closer

In the absence of a three-parameter search, the alternatif&@mination revealed that the sum rule suffers from large
is to perform a two-parameter search by fixing one of thelncertainties in the OPE and a lack of a valid Borel window,
parameters to a certain value. In our analysis we use theP @ three-parameter search is unstable. However, we found
following procedure. We start by fixing the baryon mass atthat a two-parameter search could produce sensible results
the experimental value and search for the continuum thresHor this sum rule, as shown in Table V. We set the beta value
old and coupling simultaneously. Then we fix the continuumto the traditional value off=—1. The results compare fa-
threshold to the returned value and search for the mass an¥@rably with experiments. Again it favors a high value of
the coupling. To make sure of the consistency of the abovaround 2.6 GeV for thg”=1/2", flavor singletA. No so-
two searches, a third search for the threshold and the massligion could be found for the commoh.
conducted by fixing the coupling to the returned value. Fit- Another sum rule that can produce sensible two-
ting results of the three parameters are accepted if the abow@rameter search results is the chiral-odd sum rule of Eq.
three searches yield consistent results. In the absence of suc#b) at the structurey, v, , as shown in Table VI. The results
consistency, we reduce to giving results from just fixing thehave broad agreement with those in Table V. The fits are
continuum threshold and searching for the mass and the cowery stable and have smaller than usual uncertainties in the
pling, which is conventionally done. parameters.

Results from such two-parameter searches should be The chiral-even sum rule of Eq75) at the structure
treated with caution because they are not truly predicted irv,P,+ v,p, and the chiral-odd sum rule of E(82) at the
the sense established earlier. It is no secret that for most sustructurey, y,+ %gw in the spin-3/2 correlator couple only
rules it is possible to produce the desired mass by fixing théo J=*1/2 baryon states. Numerical analysis confirms that
continuum threshold to a favorable value and adjusting théhe chiral-even one is a poor sum rule with nothing pro-
Borel window accordingly. In such cases, it is possible thaduced. The chiral-odd one is dominated by both positive-
the continuum contribution is too large, and the sum rule igparity and negative-parity states. The Monte Carlo fit is un-
analyzed deep in the perturbative regime, away from theéble to be performed without the positive-parity term. We
crossover region between perturbative and non-perturbativiested this by fitting the Couplingsi/2+1 '&ilzﬂ and threshold
where the QCD sum rule is based. _ w simultaneously and fixing the massesBaf,, andBy,  at

As an example, we turn our attention to the chiral-evenexperimental values. The two coupling constants came out
sum rule of Eq.(24) at thep structure from the spin-1/2 very close to each other, which means the positive- and
correlator. This sum rule has been traditionally identified asegative-parity states are equally important in this sum rule.

TABLE V. Two-parameter search results from the chiral-even sum rules ofZpat the structuré) from the spin-1/2 correlator.

Region w 2, Mass Expt.
Sum rule (GeV) (GeV) (GeVP) (GeV) (GeV)
Nyps (B=—1) 0.77 to 1.28 1.88 .17 1.97-.18 0.90-.10 0.938
Sips (B=—1) 0.79 to 1.40 2.14.10 3.45- .25 1.15-.17 1.193
Ewas (B=-1) 0.74 to 1.43 2.2%.15 4,50+ .94 1.2t .11 1.318
Aozys (B=—1) 0.73 t0 1.35 2.0%.16 2.76+.16 1.08-.09 1.116
Agays (B=—1) 1.19 to 1.98 3.16.33 51.5-19.0 2.64-.16
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TABLE VI. Two-parameter search results from the chiral-odd sum rules of4&).at the structurey,,y, from the mixed correlator.

Region w N1ty Mass Expt.
Sum rule (GeV) (GeV) (GeVP) (GeV) (GeV)
Nyo. (8=0) 0.68 to 1.03 1.3%.03 0.81.90 0.94+.02 0.938
Sips (B=-1) 0.756 to 1.28 1.72.07 1.81.30 1.18-.04 1.193
S (B=—1) 0.976 to 1.36 1.88.06 2.55+ .42 1.31.03 1.318
Aozys (B=—1) 0.75 to 1.19 1.68.08 0.49+ .09 1.1t.04 1.116
Agays (B=—1) 1.42 to 1.96 3.38.39 1.38-.67 2.67-.19
AC(1,2)+ (B=-1) 0.80 to 1.03 1.45 .05 0.34£ .05 1.12+.02 1.116

We could obtain reasonable results for negative-parity statesirn lead to robust predictions. The results bode well for the
by fixing the positive-parity masses at their observed valuesuse of mixed correlators in future studies. We also performed
But the continuum contributions were found to be too largeconventional, two-parameter searches by fixing one of the
in the fits. Therefore we decided not to include the resultgparameters. We can reproduce the results in the literature,
here. and obtain sensible new results. But such results have a cer-
The last two sum rules of E489) and Eq.(96) involve a  tain bias built-in from the start and should be taken with

mixture of 2~ and1* states, which makes them not suitable c@ution. )
for a Monte Carlo search in their own right due to the nu- The predictions compare favorably with the observed val-

merous unknown parameters. Their utility lies in serving as &/€S: With an uncertainty on the order of 100 MeV. The cou-

consistency check of the other sum rules. For example, Wheﬁggggf (r:r?erlr;reixa;eb%ép;%dggzsaxvshéctgsreerl:tseerfglslzérri;s;?i!)ar;
we fixed the parameters of thg" states in the chiral-odd Y :

. . l+
sum rule of Eq(96) to the values determined from the other In the case of flavor singlet with 37, the QCD sum rule

: approach predicts a high value of around 2.6 GeV. In the
ium rules, and searched for the continuum threshold and t%se of=, the QCD sum rule approach favors the state with

5~ parameters, we obtained results that are consistent wit 690 MeV as having *, over the heavier state of 1950 MeV,
those in Table II. both of which have an unknown spin-parity assignment in
the particle data table. Taken together, the results show that
IV. SUMMARY AND CONCLUSION the QCD sum rule approach has predictive power for the
asses of the excited baryons considered in this work, but

We have performed a comprehensive study of all 11 QC hat such predictive power must be examined on a sum rule

sum rules using general interpolating fields for spin-1/2 an y sum rule basis with rigorous analysis.

spin-3/2 baryon states. They are derived from three types of” 5ne grawback in the current approach is that states with
correlation functions: two from the spin-1/2 correlator, threep i parities contribute in the same sum rule for a baryon.
from the mixed correlator, and six from the spin-3/2 cor- pithough sometimes one can saturate a sum rule with a cer-
relator. In terms of the chlra_hty of the QCD operators in thetain parity, by using a general interpolating field with an
sum rules, the breakdown is that-2+3=6 are chiral odd  adjustable parametélike B), it is not always feasible. For
(which contain dimension-odd QCD condensates prand  example, no information could be extracted for fhe states
1+1+3=5 are chiral ever(which contain dimension-even because no sum rules from the interpolating fields considered
QCD condensates onlyOur results lend support to the gen- in this work are dominated by them. It is desirable to per-
eral statement that chiral-odd sum rules are better thaform a parity separation, as proposed in R&8], which can
chiral-even sum rules as far as baryon two-point functionde achieved by replacing the time-ordering operdtar the

are concernef16]. correlation function in Eq(1) with xo>0, and constructing
_ The sumrules C(_)ntaln_mforrr_]anpt‘)n on the mapsseﬁ,(ﬁ, sum rules in the complep, space in the rest framep(
S and A states with spin-parityd”=3~ and J"=3". A =0). Work that applies the parity projection method to the

Monte Carlo—based method is used to assess whether a givefim rules in this work and that analyzes them with the
QCD sum rule has good predictive ability which we defineponte Carlo procedure will be reported elsewhgg8].
as allowing a three-parameter search iy’aminimization.
We found that 3 sum rules, all chiral odd, E§1) from the ACKNOWLEDGMENTS
spin-1/2 correlator, Eq(53) from the mixed correlator, and
Eqg. (68) from the spin-3/2 correlator, have good predictive
ability. They give predictions for thé~ states in Table |, for
the 3 * states in Table II, and for th&~ states in Table IIl.
Furthermore, the Monte Carlo method affords the ability to
fit multiple sum rules at the same time. A multiple search of
the two chiral-odd sum rules from the mixed correlator
yields even better results fgr" states as given in Table IV.
The chiral-odd sum rules from the mixed operator pro- In this appendix we collect the master formulas used in
duce sum rules that have better OPE convergence which ithe derivation of the QCD sum rules. They are functions of
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IN THE DERIVATIONS
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the quark propagators, obtained by contracting out pairs of time-ordered quark-field operators in the two-point correlation
function in Eq.(1). The same master formulas are used in lattice QCD calculations where the fully interacting quark propa-
gators are generated numerically by Monte Carlo calculation, instead of the analytical ones used here é2jn Eq.

1. Spin-¥2 correlators

Using the spin-1/2 interpolating field of E¢R) for the nucleon(with uud quark content we find

(QUT{ 7N 7Y 0)|2) = — 420%™ [ + S ysC KT TCysS + S3¥ TH(C S TCy5S) ¥6)
+ ﬁ?’ssﬁa’ vsC %C,Tcﬁb’ + ,BYSSﬁa’Tr(CS:;C,TCﬁb’ ¥s)+ ﬂsﬁa’C%C,TC ‘}’5551)’ Ys
+ ﬁsﬁay 7’5Tr(C$C’TC 7583b’) + ,Bzyssﬁa’C%C,TC gib’ s+ ,327’58361’ 7’5Tr(c%C’TC$b’)}-

(A1)

The master formula foE (with uusquark contentcan be readily obtained by replacing tthguark with ans quark. Similarly,
the master formula foE (with ssuquark contentcan be obtained by a two-step replacement in(Bd,): u replaced withs,
followed by d with u. The master formulas from the thre®e (with uds quark content interpolating fields have more
complicated expressions; for the octet

-/ 2 Th! A~ 4 ’ ! ! ! ’
(QUT{7800 My 0N} Q) = — 5 %™ {+ 251 ysC S TCys S +2S2% 75 TCysSY

+4S27TH(CS T TCysS) v5) + 253 7sC 7 TCys S — Si¥ 7sC L TCysS)”

+ S5 THCE TCys S 75) + 2807 15C S TCysS” — S 75sC S TCysS5”
+SITHCSTTCysS” v6) + 2B O TCysSy” 75+ 28I CS TCysS)” 75
+4BS2 ysTHC S TCysSE? ) + 28537 CKC TCysSe 75— BSE CK° TCysS” 75
+BST ysTHC KT TCysSY ) +28S3 CS TCysS2” y5— BSET CXY TC Y553 s

+ Bsﬁa/ VSTV(CQC/TC 75Sgb’) + 2/3755361/ ¥sC $C'Tcsgb/ + 2,8758261/ ¥sC $C’T0$b/
+4pB YssgayTr( C %C’ c Skjb’ ¥s)+28 758361’ ¥sC %C’TC ib’ - ,3755361’ ¥sC iC’TC g:b,

+ [3~y55§a'Tr(C$°’TC Skjb, ¥s) + 2,375536" ¥sC %C'Tcsgb’ - :3755361’ ¥sC %C'Tcsgb,
+BYsSS THCETCS y5) + 2825527 CST TCH y5+ 28275527 CS TCS v5
+ 4,32755?, 75Tr(C$CITCSgb’) + ZﬁZYSSﬁaycﬁdTCSSb, Vs~ ﬁzyssgalcidTCSBb’ Vs
+ ,32758361, Y5 Tr( CQC/Tcﬁb,) + Zﬁzyssﬁa, C%C/Tcsgbl Vs~ ,3275536‘, C iC/TC Std)b/ Vs

+B2ysSEY ysTHC ST TC ), (A2)

for the singletA:
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i 4 ! ! ! ! ! ’ ! ! ’
(QT{7) 70500} Q)= — §€ab°€a bre — ¥ s TCysSE” — 2 v5C S TCysSy’

+ S THC S TCysS” v5) — S3™ 75C S TCys S — S3* ysC° TCysS)”
+SETHC S TCysS v5) — Si¥ 75C S TCysS2” — Si* 75C K TCys S
+Sﬁa’Tr(CiC’TC’)’ssgb’ 7’5)_,35§a’C$0’TC7533b’ Vs_ﬁsgalcﬁﬁcﬁsgb’ Vs
+ B s THC S TCysS) ) — BSIY CE TCys S y5— A1 CE TCysS” vs
+,383a’ 75TV(C$C’TC?’5S?W)—ﬁsﬁa’C%C’TCYSSgb’75_ﬁsﬁa’C$C’TC7533b’75
+ B ysTH(CSE TCysS5 ) — BysSi ysC K TCK — BysSi? ysCS° TCS
+,375823/TV(CSEC/TC$U75)_3755361, YSCSEC,TCib/ _/3755361, YSCQC,Tcﬁb/
+,37553a’Tr(C$c,TCSBb’3’5)_,3755361’ y5CS§C’TCS§b’—ﬁy5Sﬁa’ YSCic’TCSgb,
+BYsS THCETTCS 76) — B2ys S CSETCY y5— B2ysS22 CSTCS vs
+,327’552a/ YSTV(Cﬁcchﬁb,)_3275S§a,C$C/TC$b, YS_BZYSSgaICQC/TcﬁbI Vs
+,327’553a’ 75T"(CS§C’TC$3W)_Bzyssﬁab%ﬁcib’ Ys_ﬁzyssﬁarciﬁcﬁbr Vs
+ By ysTHCETTCE™), (A3)
and for the common\:

(QUT{7500 700} Q) = = 267%™ ¢ { — ST ysCETCye S + S5 THC ST TCysS 7v5) — Si¥ 75C S TCysSy”
+ SITTHC K TCysSE” 75) — BSEY CK°TCys S 75+ BSE 75 THC K TCysS)
_5Sﬁa,C$C’TC7553b'75+ /3Sﬁa’ VSTV(CQC’TC%Sgb’)_,BYSSga’ 75C$C’TC$W
+575533,TV(C$C’TCS3W7’5)_,3’)’55361’ YSCQC,Tcﬁb’+,37553a’Tr(C$C’TC$b,7’5)

— B2ysSiT CSETC ys+ B2ysSi ysTHC ST TCS ) — B2ysS5 CKLOTC S s
+ BysSi ysTHCETC™)) (A4)

2. Mixed correlators

The mixed cgrelators come from the generalized spin-1/2 cuwgpf, = v, vs 112 With 74, as given in Eq(2), and the
spin-3/2 currentyy,, as given in Eq(10). For the nucleon, the master formula is given by

<Q|T{ 77;’\:,1/2(X);';|,3/2(0)}|Q>: _Zfabcfa,blcl{_ 2%75333 (Tpxcsﬁc TC7’5sgb %;pr_ ?’M)’ssﬁa prcﬁc TCY5SSb %U’J)‘
+ 9,755 Vo, TH(ysSy” 0™ CSC TC) - 287,53 0,0, CS° TCS v,07
—B7,St% 7 \CSETCS y,07 + By, 2 y,0 ) TH(SE® o CSETC)). (A5)

The master formulas fa¥ and= are obtained in the same way as the spin-1/2 case described in the previous section. For the
octetA, we have

A —A TW! AT ’ ’ ’ ’ ’ ’
(QUT{7,%,00 7,3,(0)}| Q)= 362%™ {42y, 7555 o)\ CS° TCysS” 7,0 +27,y58 0, CS° 'CysSy 7,0
+47, 758 7,0, Tr(y5Sy° o CSF TC)+27,55% 0, CSF TCysL° y,07
+7,7558% 0\ CETCysS 7,0+ 7, 75552 7,0\ Tr(y5S2° 0P C S TC)
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— 27,75 0, CS TC S 7,07 + 7,753 0, , CE TCys 7,0
+ 7,758 7,0 )\ Tr(ysS2” o CSTC) + 287,52 0, CKTTCS y, 0™
+2B7,8 0, , CSETCE y,0" + 47,52 5,0, THSE® o C S TC)
+267,8 o\ CETCL 1,07+ 57,557 0, CETTC 5,0
+ 87,55 7,0, TS 0P CSFTC) - 28y,52% 7, CKETCL 3,07
+ 87,57 7, CKXTTCE y,0+ By, 2 y,0,\ TS 0 CSETC)). (A6)
For the singletA, we have
(QIT{72% () 73 O} Q) = §e2%e ™[ — 755 0, C S TCysS” 7,0™ — 7, 7552% 0, CS” TCysS , 07
+ 7, 755% 7,0 ) Tr( 7583 0 C S TC) — 7, 75557 0, CK® TCysS” 7,07
+ 7,755 0\ CECTCYsS 7,0 + 7, 7555 7,00 TH(y5S8” 0 C S TC)
t Y. Yssﬁal Up)\C%C,TC ')’SSgb, y,0° + Yu Vssﬁa, O'pACSEC’TC y583b' y,0”
+v, Vssﬁa, y,,(rprr( 'YSSls)b/ UPXC%C,TC) - ,ByMS‘;‘a/ prc $C/Tcsgb/ YVUP)‘
—B7,S2% 0\ CSFTCS y,0P + B7, S 7,0, TS 0P CSETC)
_ ,B‘YMSga, Up)\cic’Tcgb’ %o_px + ,37,,,5361’ crp)\C ic’Tcﬁb' ,yyo_p)\
+B7,S3 7, o\ THS o CSETC) + 87,5 0, CS TCL 5,07
+87,8" e\ CETCY 7,0™ 4 87,80 7,00 TS o CSFTO)}. (A7)
For the common\, we have
(QUT{72% () 7, 5 O} Q) = €225 ™ ¢ {4y, 75 0, CLTCYsS)” 7,0™ + 7, 7585% 7,0 TH(7sS2” 0 C S TC)
+ 7,755 0\ CETCysSE 7,0+ 7,755 7,0, Tr(ysS2° 0 CEETC)
+87,8 00 CLTCS 7,0™ 4 87,55 7,00 TS 0™ CETC)
+87,8" o\ CETCY 7,0+ 87,80 7,00 TS o CSFTO)}. (A8)
3. Spin-32 correlators
Using the spin-3/2 interpolating field as given in Ef0), the master formula is given for the nucleon:
(QUT{R) 3 D)3 0)}| Q) = €356 P gy {25 5, CKE TCo S 7,07+ S 04, CSF TCo S 7,077
+52y,0" TS 0,,CS TCa )~ 283 0,,CS TCo ), Sy, 077
+283% 7,07 (S 0,,C S TCo)}- (A9)

The master formulas faE and E are obtained in the same way as described above.
For the octetA, we have

A —A T A7 ’ ’ ’ ’ ’ ’
(QIT{7,%,00 7,5,(0}Q) = 5% "oy, {~28% 0,.CK* TCo S 7,077 +258% 0,,CK° TCo, S 7,07
+ 4S§ay v,07TH( Sgb’ o,,C ﬁC’TCUP)\) — Sga’ o,,C icyTCUp)\SBb’ v,0°7
+252% 5,,CSETCo, S 7,07+ S5 7,07 TN 0, ,C S TCO )
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- ﬁa/ UUTCQC/TCUP)\Sgb/ ’YVO-UT_ Zsﬁal UUTC%C/TCO—/J)\SEW yVUGT
+S8%y, 07 TH(S 0, ,C S TCO ) (A10)

For the singletA, we have
— 1
A A P! A1 ’ ’ ’ . ’ ’ ’ or
(QUT{7,%,00 7,5, 0}Q) =5 €% oy, {+ S 0,,CS Co, S 7,07 = S 0,,CS ConS° 7,0

+8% 7,07 TS 0,,CS TCa,) ~ S5 0,,C TCo S ¥, 07
~ S 0,,CS TCo ) S 7,07+ S5 5,0 THS 0,,C S TCa,y)

! ’ r ’ ! ’
~ S} 04,.CET Copn S 7,07+ S 04,CSF 'Copn S v,0°7

+S3% y,0° (S 0,,CSF TCa,\)}- (A11)
For the commom\,
Ac T A 1 abc_a’'b’c’ _p\ a’ c'T bb’ or a o bb’ c'T
Q{7,500 7,5,(0)}|Q) =5 €€ > < o™y, {~ S 0,,CE" 'Copn S 1,07+ 537 7,07 TS 0,,CSF 'Copn)
~ S0, CE TCo S 7,07+ S y, 0 THS 0,,CS° TCa,p))}- (A12)
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